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It is well known that any R-automorphism 0 of the polynomial ring R[x] in 
one variable over a commutative ring R with identity, is given by 
u(x) = a, + a, . x + ... + a, * x”, 
where a, is a unit and a2 , ua ,..., a, are nilpotent and conversely. In particular, 
if R is an integral domain (field) then u reduces to a linear polynomial 
a, + a, . x with a, a unit (al f 0). 
Instead of the polynomial ring, if we consider the ring of formal power 
series, then substitution will be meaningful only when we have a notion of 
convergence. In [2] O’Malley has considered R-automorphisms of the ring of 
formal power series. In this note we shall be concerned with the ring of 
restricted power series over a complete local domain. The main theorem of 
this note is an analogue of a result of Samuel [3] on the subring of invariants 
of a finite group of a special type of automorphisms of the restricted power 
series ring over a complete local domain. The speciality of the automorphisms 
is dictated by the lack of a good characterization of the automorphisms of the 
ring of restricted power series. 
The proofs in most cases are similar to those in [2], and for this reason 
we only indicate the proofs in brief. The proof of the main theorem is an 
adaptation of a result of Castillon [I]. 
DEFINITION 1. Let R be a commutative ring with identity and Q be the 
set of powers (‘W} of an ideal ‘$l of R. The topology defined on R by taking 
Q as a fundamental system of neighborhoods of 0 is called an ‘%-a& topology. 
An element f(z) = C ai . xi of the ring of formal power series R[[x]] is 
called a restrictedpower series if for each neighborhood W of 0 in the topology 
Q almost all coefficients a, off(x) belong to rU”. 
It can be easily verified that the collection R(x) of all restricted power 
series form a subring of R[[x]] . 
In the case of a local ring R with the unique maximal ideal & we shall 
be concerned with the A-adic topology. 
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DEFINITION 2. Let R be a commutative ring with identity, Q be the 
5X-adic topology for some ideal 2X of R andJ(x) be a restricted power series 
over R with respect to Q. Then the least power of x that occurs inf(x) with a 
nonzero coefhcient is called the order off(x). 
Lmma I. Let f (x) = xi a, . xi be a restricted power series of order k > ! ~ 
Theta the mapping v from R(x) to the fodormal power series &g R[[x]] given by 
cp(g(x)) = g(f) = Cj bj . f j where g(x) = Cj bj . xj is a ulzique R-endomw- 
phism of R(x) sending x to f(x). If this mapping q~ is onto, then k = 1 ad 
a, is a mit. If q is not B-l, then ak is a zero divisor. 
Proof. First we need to show that F(g(x)) is an element of R(x). For this, 
given any neighborhood W of 0, we should show that almost ah the coefh- 
cients of p(g(x)) belong to W. Since both f (x) andg(x) are from R(x), there are 
only finitely many coefficients of f(x) and g(x) that lie outside W. Let r an 
be the largest indices such that b, , a, do not belong to at. Then choosing 
sufficiently large compared to r and s (say Y . s + I) we can see that the 
coefficients for all n > N in v(g( x )) w ic are sums of products of ai and b, h h 
with Z > s or j > Y belong to ‘W. Thus v(g(x)) is also a restricted power 
series. That q is the unique R-endomorphism that sends x to f(x) can be 
proved as in [4, p. 1361. 
If 50 is onto then there exists a g(x) = b, + b, 1 x + 6, . x2 - ... in 
such that y(g(x)) = b, + 6, *f + b, . f 2 + ... = x. On comparing the 
coefficients of the powers of x in the above equation and using the fact that 
the order of f(x) is iarger than 0, we find that 6, = 0 and 6, ’ a, = 1. This 
means that the order off(x) is 1 and a, is a unit in 
If 91 is not 1-1, then for some g(x) in R(x), different from zero, &g(x)) = 0. 
Suppose g(x) is of order x and b, is different from zsero. If we consider the 
coefficients of xk~ in y(g(x)), we find that aTi . b,r = 0. As 6, is different from 
zero ak must be a zero divisor. 
Remark 1. In case R is taken to be an integral domain then the above 
mapping by substitution is injective. 
emark 2. It is known that the conditions of Lemma 1 are also suficient 
for 93 to be an R-automorphism of R[[x]]. But it is not in general true of 
restricted power series ring. For instance, the polynomial ring 
restricted power series under the topology induced by the zero 
situation if f(x) = aI . x + a2 . x2 + ... + a, . xr, with aI a unit in R, then 
q(x) = f(x) does not give an automorphism unless uB ,..., a, are nilpotent. 
LEMMA Let R be a commutative ring with identity and an ideal iz it. 
Letf(x) = ai . xi be an element of R(x) with respect to the -adic topology 
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with a,, in 5X. Then given any two natural numbers n and k, the coe$cient of xk 
in (f(4) %+lc belongs to ‘W. Further if gt(x) = &, bi . xi is the truncated 
polynomial obtained from g(x) in R(x), then for any k > 0, the coefJicients of 
xk in g,(f) foym a Cauchy sequence as t varies over all the natural numbers in the 
XI-adic topology. 
Th e proof of the above lemma is as in [2]. 
Using the above lemma we define a substitution map & where f (x) is in 
R(x) and f (0) belongs to the ideal generating the topology. For this purpose 
we assume that the ring R is complete in the ‘&adic topology. 
For any g(x) in R(x), we set &(g) = c cg(g) * xk, where c&) is the limit 
of the Cauchy sequence JJk {gt(f )} w IC h’ h exists in R. Here I& is the mapping 
from R(x) to R which maps f (x) = C ai . xi to the coefficient ai of xi. 
We have to show that almost all ck(g) belong to every neighborhood of 
zero of R so that the substitution map & maps R(x) into R(x). For this we 
first observe that given a neighborhood ‘$P in the 9X-adic topology, there 
exists integers Y and s such that nl,(f (x)) = a, and nS(g(x)) = b, do not 
belong to ‘9X” while for all Y’ > r and s’ > S, a,’ and b,t belong to %P. Thus 
the coefficients of xt in gt( f) f or all t > Y * s + 1 belong to ‘$I” and therefore 
also their limit. Thus c,(g) is in 5%” for almost all t and therefore &(g) is an 
element of R(x). 
LEMMA 3. The mapping z,$ for any f(x) in R(x) with f (0) in ‘2l, is an 
R-endomorphism of R(x). This endomorphtim is unique in the sense that if CT is 
any other R-endomorphism of R(x) such that o(x) = f (x) then u coincides 
with & . 
Proof. That the mapping z& preserves addition follows from the fact that 
the limit of the sum of two Cauchy sequences is the sum of their limits. To 
show that Z/J? preserves also the multiplication we shall begin with two 
arbitrary elements g(x) = C bi . xi and h(x) = 2 di * xi. We want to show 
that &k(x) * 44) = ~A&)) . Mh(xN. 
Now c,(g * h) = &(&(g * h)) = lim nk((g * h),(f)) as t tends to infinity, 
whereas 
= t lim n (gt(f )) * lim 2 (h4f )) 
j=O 
= lim I-J (it(f) * h,(f )) 
= lim jl (a - hJ(f )). 
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The limits in the above are taken as t tends to infinity. Hence to show what 
we want it is sufficient to establish that l&((g . h)t(f)) - (g, . h&f)) is a null 
sequence in R. This can be shown as in [2, Theorem 4.2, p. 66]. For the 
uniqueness part we need to show that nk(o(g)) = clC(g) = 
natural numbers k and all g(x) in R(x). 
NQW 
(h9) = F ((sdf 1) + 0 ij% Ibj . x 
t 
Since c?,(g) = lim nIlc(gi(f)) as i tends to infinity, in order to show that 
,,(a(g)), it is sufficient to show that l’&(~(Cj”=,, bj . xi)) is a null 
sequence. This can be shown as in [2, p. 6’71. 
It can be observed that Lemma 1 is a special case of Lemma 3. 
~EFIiYITION 3. Let c be an R-automorphism of R(x). We call G an 
auto~~or~hism by substitution if o(x) = li(l(x) for some f (x) in R{x)* 
Clearly the element f(x) of R(x) that occurs in an automorphism by 
substitution, has the property thatf(0) = a, belongs to the ideal generating 
the topology of R and the coefficient of x is a unit in R. 
THEOREM. Let (R, ~2’) be a complete local domain .with respect to the 
&Y-ad&z topology and R(x) be the ring of restricted power series in x over 
restricted by the &2’-adic topology. 1f G is a j&&e group of R-a~tom~~p~~srns 
R(x) such that each u in G is an automorphism by s~bst~t~t~on, ther, thejxed kg 
of R(x) under the action of G isgenerated by a single element of R(x]. 
Proof. Suppose a, , o2 ,,.., gn are all the elements of G and let aj(x) = /“j(x) 
for eachj = 1, 2 ,..., n. If we setf(x) = fi(x) .fa(x) . ..jJx). then the reduced 
order off (x)-reduced modulo A-is n. This is because the constant term 
of each of theft(x) is in A&’ and the coefficient of x is a unit. As R is a complete 
local domain, the analogue of Weierstrass preparation theorem holds in 
Consequently we can view R(x) as a finitely generated R(f j-module. In fact 
a set of generators of R(x) as an R(f 1 module is given by 1, x, x2,..., x 
Since G fixes f, it is evident that R(f > . is contained in the fixed ring of G. 
prove that R(f) contains the ring of invariants of G we adopt the method of 
Castillon [l]. 
Let g(x) in R(x) be left fixed by all the automorphisms from G. Using the 
fact that R(x) is an R(f)-module generated by 1, x, x2,..~, a?-l we can express 
g(x) as A, + A, . x + A, * x2 + ... + A,-, . xn-ll where Ai is in R(f) for 
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each i. We set Ok = c( for convenience. Then applying 02 to g(x) and 
using the fact that ui(g) = g for each i, we get the following system of 
equations. 
A, + A,u,(x) + &&x2) + *** + &-l+“-l) = g, 
A, + A,o,(x) + Ap@) + *.* + An-p2(P1) = g, 
A, + A,U,(X) + 44x2) + *** + &-l%W1) = g. 
Considering the above system of equations as linear equations in the unknowns 
A,, Al ,-**, A,, we find that the coefficient matrix 
1 2 n-1 crll 0, **- u1 
1 n-l u21 uz2 -a* u2 
. . . . . . . . . . . . . . . 
1 uw 012 
n-1 1 2 . . . u, 
is of Van der Monde’s type with a nonzero determinant. From the assumption 
that R is a domain, we can see that the above system of linear equations is 
solvable by Cramer’s rule and that the solution is unique. Since A,, = g is 
itself a solution, we find that g(x) is already in R(f). This completes the proof 
of the theorem. 
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